Abstract. The three-dimensional power Korteweg-de Vries equation [u t +u n u x +u xxx ] x + u yy + u zz = 0, is considered. Solitary wave solutions for any positive integer n and cnoidal wave solutions for n = 1 and n = 2 are obtained. The cnoidal wave solutions are shown to be represented as infinite sums of solitons by using Fourier series expansions and Poisson's summation formula.
which describes the evolution of small amplitude, long water waves down a canal of rectangular cross-section [9] . This equation has been called the one-dimensional Korteweg-de Vries equation (KdV equation for short). However, the amazing properties of this equation went unappreciated for several decades until the early fifties when some related numerical work at Los Alamos produced surprising results. This led to broad interest and extensive study in this equation in the sixties and seventies. It can be found that this simplest possible unidirectional, nonlinear, and dispersive wave equation has applications in many physical problems, such as water waves, plasma waves, lattice waves, pressure waves in liquid-gas bubble mixture, and waves in elastic rods. For a survey we cite the article by Miura [10] . Once this one-dimensional equation was understood, the research for similar equations in higher dimensions and higher orders began to be studied. In 1970, Kadomtsev and Petviashvili obtained the two-dimensional generalization of the KdV equation (referred to as KP equation henceforth)
in the study of plasmas [7] . The evolution described by the KP equation is weakly nonlinear, weakly dispersive, and weakly two-dimensional, with all the three effects being of the same order.
In 1997, Bouard and Saut obtained the three-dimensional generalization of the KdV equation which can be written as the form [5, 6] ,
where f is a function of u, u = u(x,y,z,t), (x,y,z) ∈ R 3 and t > 0. In this equation,
x is the direction of propagation while y and z are transverse variables. This model is essentially unidimensional when weak transverse effect are taken into consideration. In this paper, the author only consider the three-dimensional KdV equation with 
. It is also proven that the cnoidal wave solutions can be written as sums of infinite number of solitons by using Fourier series expansions and Poisson's summation formula.
Formulation of the problem.
We start from the three-dimensional power KdV equation
where n is a positive integer. Motivated by the results obtained by Chen and Wen [2] , the author look for the real-valued traveling wave solutions of the form U(ξ) = u(x,y,z,t) with ξ = ax + by + cz − ωt, where a, b, c, and ω are real constants. Without loss of generality, we can assume a > 0. Substituting the U(ξ) into (2.1), we are then led to look for solutions of the following fourth order ordinary differential equation
Integrating (2.2) twice with respect to ξ yields the second order equation
where A and B are integration constants. The determination of the traveling wave solutions to the three-dimensional power KdV equation can now be accomplished by solving this second order differential equation.
Solitary wave solution.
For solitary wave solutions, we introduce the boundary conditions that U(ξ), U (ξ), U (ξ), U (ξ) → 0 when ξ → ±∞. These conditions imply A = B = 0, and hence the ordinary differential equation, equation (2.3), can be written as
where
/a 2 and the author used the fact that U = (dU 2 )/(2dU).
There are three cases to be considered. First, if C < 0, a nonconstant real solution to (3.1) exists only when n is odd. The solution is
where ξ 0 is a constant of integration. Second, if C = 0, a nonconstant real solution exists also only when n is odd, and the solution has the form
It is obvious that these two solutions to (3.1) are unbounded, therefore, we are not interested in them. Third, if C > 0, equation (3.1) has a nontrivial solitary wave solution for positive integer n. The solution is
Since sech 2 X = 1/ cosh 2 X = 4/(e X + e −X ) 2 , the solitary waves described by the so- 
4. Cnoidal wave solution when n = 1 and n = 2. (1) When n = 1, for bounded periodic traveling wave solutions, we assume A = 0, and hence, we obtain from (2.3)
where D is an integration constant and
For the existence of cnoidal wave solutions, the cubic function F(U) plays an important role [8] . A cnoidal wave solution exists when F(U) has three distinct real simple zeros U 1 , U 2 , and U 3 such that U 1 > U 2 > U 3 and U 2 ≤ U(ξ) ≤ U 1 . In this case (4.2) can be written as
where ξ 1 is a value at which U(ξ 1 ) = U 1 . The period T in ξ is given by
Equation (4.3) can also be expressed as
where φ = sin
is the normal elliptic integral of the first kind with modulus k [1] .
we can obtain the cnoidal wave solution
In particular, when ξ 1 = 0, if we choose b and c relatively smaller than ω and a, ξ 0 = 0, and consider the weakly three-dimensional situation where y and z are varied in a very small region, the cnoidal wave solution can be expressed as
Using the Fourier series expansion of dn 2 (v, k) [11] and the Poisson's summation formula [4] , we can represent the cnoidal wave solution U(z) in (4.6) as 
(4.9)
In (4.8), U(ξ) is clearly a periodic function of ξ with period T and each term in the infinite series is a soliton. This gives a representation of a periodic function by a summation of infinite number of solitons.
(2) We similarly assume A = 0 for the case n = 2, and obtain from (2.3), where Q = U 1 π/2K , T = 2 √ 6aK/U 1 , and R = Kπ/K T . It should be mentioned that using the method used by Chen, Wu, and Wen [3] we can also obtain the cnoidal solution for the three-dimensional power KdV equation when n = 4.
